CADEMIC
LLEY

Differentiation Collated Past Papers - Extrema
2023 Question 1le.

(e)

1
Area of triangle = Ex}-
1 7
4 = Ex(x(x —Em}‘}

1 5 2

= 21 (x—2m)

dd 1 5

PR (2(x— 2m))+ (x—2m)*
=x* (x—2m)+x(x— E.J'iva}2
=x{x—2m}{x+(x—2m}}
=x(x—2m}2x—2m)
= 2x(x — 2m)x— m1)

OR

1
4 =Exz{r—2m]2

=;x4_zm3+zw

= 2% — B+ dmtx

B &

= 2x(x? ~3nuc+ 20
= 2x(x — 2w} x— m1)

% =0=2x(x—-2mx—m)=0

x=0orx=2morx=m
Sincel<x=2m
the area is a magimum when x = m

Mazimum area of triangle:
A(m) = %mz{m—lm}ll

2
Thisis%ofthetﬂtalshaded area since

4n
3

3 1
S X =
8 2

» Correct derivative.

* Correct
dertvative.
AND

x=m found.

T1
Maximum area,

with correct — .

[8]:4

Correct solution
but with one
MINOr error.

T2

Correct solution

with correct E
dx

showing the
calculation of the
correct proportion
of total shaded
area..




2023 Question 2d.

d 1 « Correct #£(x). + Correct #(x).
@1 e Lo ) e
x AND
=3x+6xlnx Cotrect £7(x).
f”(x}=3+6x-l+lnx(5:} AND
x
=9+6Inx Correct
fl(x)=0=9+6lnx=0 x-value.
Inx=-135
x=e " orx=0223
2023 Question 3d.
(d) fixy= P + Correct values | » Co-ordinates and
2 4 of x found, nature of the two
fla)=—x"+6x"=0 with evidence turning points
& 1 of dertvative. found and
x_4 = x_z distinguished, with
2 .4 evidence of a
6x"—x =0 calculus method.
(6-x7)=0
x#0sox= iﬁf‘E

-3

FUx)=2x7 - 24x7
£7(\6)=—0.136 <0 i.e. maximum
77(—6)=0.136 > 0 i.e. minimum

Maximum at [JE,%] —(2.45,0.2722)

s
Minismum at [—JE TJ‘] = (~2.45,-0.2722)




2023 Question 3e.

(d)

fx) =x" -2
F=—x"+6x"

_1. 6
xz Il‘-

-1 @
Fixy=0=—+—=0
II 1'4

*—exhy=0
(P =-6)=0
x =0 not possible
x'—6=0
x=tyBorx=12245
Second derivative test :
Fox)=2x" = 24x7

2 24

x x

f”{£}=—0_136=—%

Since f”{'q'rg} <0,x= V6 is 2 local maximum.

f”{£}=—0_136=—§

Maximum turning point when x = JE
Minimum turning point when x = —JE.

Since f(v6) >0, x =6 is a local minimum.

* Correct
derivative.
AND
Correct two
values of x
found (not x =
0.

* y-coordinates of
both stationary
points found.
AND
The nature of the
two turning points
found with a
correct first or

second derivative
test.
Not required:
r(%6) =5
=0.272
Js
7(-6) =%
=—0.272

2022 Question 1b.

(b)

(=]

xr+1

Jlx)=

X
x(2x) —ﬂ{x: +1)

fix)=
x(2x)-(x*+1) _
2’ —x'-1=0

=1

x=xl

x=11

Correct zolution with
correct derivative

Must have both
solutions: x ==1




2022 Question 1le.

(e)

1

S o 2pwe™ £2pe”
i FX.oPx F

2pe® (2pxt +1)

2

At a point of inflection, d—‘:,I: =0
dn?
2pe” (2pxt +1)=0
Eguation 1
z pe""z =0
pe =
pxt =10
No zolution as In 0 is defined.
OR
2 pe®™ =0 has no solutions
because Epe"“: = 0 for all values of x
since e =0 for all values of aand P isa positive
Equation 2
2pct+1=0
: -1

F T2

-1

2p
2 px* +1= 0 has no real solutions because p

X =

. - -1 .
iz a positive real constant, 2— 15 negative
F

and there 13 not a real solution when

vou take the square root of a negative number.

OR
pr: +1=10 hasz no real sclutions because
2;:'1: +1=101z always greater than zerc because

p is a positive real constant and x* iz always
greater than or equal to zero

O

2;:'1: +1=10 has no real sclutions becavse the
discriminant iz less than zero.

B —dac=0-4(2p){1)=-%p

Since p is a positive real constant.

d" i}
Therefore, there are no solutions to —'; =0 nd
dx

Correct

Correct

@

T1

d
Correct E;

with one part of
the equation zet to
zero and the
reason for there
being no real
solutions given
for

EITHEER.
2pef =0
OR

2pxt +1=0

T2

Correct proof with
correct derivatives
EBoth parts of the
equation set to
zero and the
reason for there
being no real
solutions given
for both eguations




2022 Question 2c.

(e}

£-6
27
26(2¢)— (£ - 6)[ 67
4

366 — 24
¥(t) = —F

d(1)=

v(f)=

18-+
Vi) =
® 2

Stationary pointwhen v(i)=0
18— =0

t=418 (=424

Correct derivative.

Correct solotion
with correct
derivative.

2022 Question 2d.

(d)

3= 6e

Area = 6xet 0

A(x) =6 £ 6xe™ 0.5
- 53]—0.5: _SIE]—OJ.

— gal0ae (2-x)

At maximuom, A (x)=0

x=2

Area=12e""=12

Correct derivative
of A(x).

Correct solotion
with correct
derivative.




2022 Question 3d.

(d)

y=9x—-2+
y 3x—1
d R
& 9 363x-17x3
d
_g__ 2
(Gx-1)°
; L dy
Stationary point — =10
drx
— 9 =0
(3x—1)°
9
C(3x-17
(3x—-1)" =1
3x-1==1
11
y=
3
2
x=0ocrx=-—
3
dy 54
de’ (3x—1
d’ 54
x=0 ‘:f= 7=
dr' (1)
Localmax atx=10
2 dly_ 4
3 de* (1)

2
Lc:calmiﬂalx=§

Correct derivative.

Correct solution
with correct
derivative.

The nature of each
turning point stated
but not determined

using a calculus
method.

T1

Correct solution
with correct
dertvative.

The natore of each
turning point
determined with a
first or zecond
derivative test.




2022 Question 3e.

(&)

Total time = time (HP) + time (PS)
Method A

Let x = distance PQ

4—x . Vx'+4

10 &

T=
1 . -1

ar -1 2n|:Jc‘+-fl-]|:.2.1c

_—=—=

de 10 6

ar_-1, x

dr 10 gty

For maximum/minimum time, ix_r =0

1 x

10 64y +4

Bxt +4 =10x
*.III:+4=EI
6

25

X +4="x
9

Iy

16 .
d=—x"

9
36 _
18
x=135
4-15=25
Megan should travel 2.5 km along the path
before cutting across the park.
Method B
Let x = distance HP
N [_{4 —x) + 4)

+ e

10 3
dr _ 1 f_x - 4]

_+ =
de 10 Qx*—sﬂzu

-

L+ f'x_d} =0

10 axf —8x+20

Hx—4)= 3y ax+20

25(x* - 8x+16)= g(f ~$x+20)
25x" —200x+ 400 =9x* —T2x + 180
161 —128x+220=0

x=250r55%
Simcex =4, x=25km

dI’

Correct —.
dx

T1 Method A

x = 1.5 found with
correct derivative

OR

T1 Method B
x=250r35
found (3.5 not
dizcarded) with
correct derivative.

T2

Correct zolution
with correct
derivative.




2021 Question 1c.

() y= {21 + 3}e‘=

Correct derivative.

Correct solution
with correct

dy 2 P ] e
ay = 7e* +|:2x+3][21}e’ derivative.
dx ' d
& 3¢ (1+x(2x+3))
dx L ’
dy P 1
= =2e"(2x*+3x+1)
dx L
dy . .
— = for stationary points.
dx
2e* =0 has no solutions since 2e* >0
' +3x+1=0
x=- 1 orx=-1
2021 Question le.
(e) I =mrh Correct expression for | Correct T1:
— {3_ 2'.-] av expression for Correct
. dr dF expression for
=3xr’ — 2’ ; av
¥ _ sr— 6 ‘ and finds = 1. dr
dr and shows that
dr
At m axinmum, i 0 V=n
but does not prove
6:{r{l—r}=ﬂ it is the maximum
r=0{no). .r=1 volome with
p ither the first or
F=xl"|3-2x1]= ef
o { } T zecond derivative
d I:=6rr—12.1rr test
a'v .
Whenr=1 S — _6x<0 Iz
. Correct
Therefore " =m expression for
is maximum volume. dar
dr
and correct proof.
2021 Question 2b.
ib) dy [x+ 1}2,{ —xt Correct solutions
dx =3 with correct
[x - 1.] derivative.
_ X +2x
|:x + 1:]:
Y _yg =x(x+2)=0

r=0orx=-2




2021 Question 3c.

(c)

dy {x: + -1-:| —IE Ex}

du {x:+4)
_ 4—x*

()

Inereasing when & =0
dbe

4-x*

{I:+4]1

=0

4-x'>0
—2ax=2

dv
Correct il
dx

dv
Correct &
dx

and identifies

-2 and 2 as the
boundaries of the
interval required.

T1:
Correct solution

with correct
derivative.




2021 Question 3e.

© i Correct T2:

cosf = — ton f -
S expression 1or Correct Pm.gfwlﬂ:l

G E correct derivative
" = d&

S=yh+r

k£ and r are constant

I k c-:LS a

5t

o R
(h:+r |

o | +r:)ik—k&[:](}z1+r:);[2h]

dh (#+r2)

ar k(i =rtf 3w (i <)
i ()

g K+ (R4 - 38)

d (w7
dr k(ri-21)
P )
%=u=:-t(r=—zﬁf}=n
2 =r
&*—ﬁ
T2
P ¥
2

2020 Question 1c.

{c) 1 Caorrect derivative. Correct solution
dv {1+].11x}-1—x-x with correct
dr {1+ ]nx.]j derivative.
_ Ilnx
(1+1nx)"
d 3
2 _0=1x=0
dx
x=1




2020 Question 1le.

(e) 2
r3+[5} =400
2

= 4{]0——]&

II
=

b
ﬁ]

4
W

3t
=0=:-4m}—T=ﬂ

1600 40
—= =23.1cm
\ 3~

r=163cm
V=nrx163 x23.1
=19300em?’

F =19347 cm’®

SERE

el
I

(=10

Correct expression for
dFf _d¥

—_— m —

dh  dr

Correct value of »
or # with correct
derivatives.

Units not
required.

Correct solotion
with correct
derivatives.

Unitz not
required.

2020 Question 2c.

© | f(x)=(2x-3) 206" 4265
=" ((2x-3)2x+2)
=" F {412 —6x+ 2)
=2e5 H (21{2 —3x+ 1}

j"’[x) =0= Zﬂf*'a'r

265 ¥ has no solutions since Ze

2 —3x+1=0

{h—l:]{x—l}= 0

x==orx=1

2

=0or2x’ —3x+1=0

Tk gy always positive.

Correct derivative.

Correct solution
with correct
derivative.

Feference to
26" =0 is

not required




2020 Question 3d.

(d)

_}-‘={x—3}_l +x

dv -1
“=—1lx-3] +1
dx {x }

-1
= +1

(x-3)

E='I]l==-,1r—3=i1
dx

x=2ord

dx_ 2

&* (x-3)
2

d

x=2d~—;—{ﬂ Localmaxat x=2
dy
dx

x=4=‘.»—2:=-ﬂ Localminat x =4
dy

Correct
expression for

dy

dx

Correct

expressions for
L4 and d ':.l;
dx dor*

OF.

Correct
expression for

dy

e plus
x-coordinates of
TPz found and
nature stated
without correct
use of first or
second
derivative test.

Correct
solution with
cofrect
derivatives.

With uze of
the first
derivative test
or second
derivative test
to justify the
nature of the
turning
points.

2019 Question 1d.

(d)

dy 7
D 3et 4t
dx

=xe" |:3+x}

g£<0

= x'e” [3+x} =0
3+x=0

x=-3

Correct derivative.

Correct solution
with correct
derivative.




2019 Question 3c.

{c) e Correct expression | Correct solution
Alx) = x(-:l J;} for A7x). with correct
3 derivative.
=dx—x1
1
A(x)y=4- ixi
2
MMaximum area when A(x)=0
305
2
J— 5
=2
3
64
r=—
9
Area = 64 4—E
9 3
64 4
= — =
9 3
2356 13
== |l=o0=
27 27
Accept 0.48
2019 Question 3d.
(d) a(t) = 2¢' -8 Correct derivative. | Correct solution
o with correct
a(t) = derivative.
=2’ -8 =0
Ze' =8
E]: =4
2t =ln4d
1
i= Elﬂ-ﬁl (=In2=08693)
2018 Question 2d.
{d) dv  xf, 2 vy Correct derivative. | Correct solution
T =e(2xt —x-1)eef@x-y) ith correct
(3 3 derivative.
=EI{21 +3x— 2}
. Reference to
d '
a}=ﬂ:t-er{2x2+3x—2}=ﬂ = 0 not
s ' ' required.
=y +3x-2=0
=(x+2)(2x-1)=0
x=-lorx= 1
2
Note &* = 0 has no zolutions since &* > 0WxeR




2018 Question 3c.

{c) 1 . dd Correct solution
Area=5-2x-{15—xz]=15x—x’ Correct “« with correct
dd derivative.
= =15-37
dx
dd
Max when — =0
dy
3[5-x]=0
x= in
v=10
Area = %x 245 x10
—10J5 (=2236)
2018 Question 3e.
{e) 1 Correct Correct solution
W =3 +[5 — f] expression for with correct
2 dr. derivative.

W =25+25—5x+025x"

W =0.25x —5x+50
1
w=(l].25x2 —5x+f+r:r]|2

Length =x+ 4w

x4 4(0.25;3 —sx +5|::+]2
a

=1+2(0.252% ~5x+50) 2 x(0.5x-5)

—10
=1+ x

BB BB

{'D_iji —Sx+ 50];

For max/min E =

10
: =1

[n.zsf —5x+50];

x—10= —1[0_2519 —Sx+ 50);

(x—10)" =0.25x% ~5x +50

X' —20x+100=0.25x" —5x+50
0.75x* —15x+50=0

x=15.77 not applicable
x=423cm

dx




2017 Question 1le.

(e) dy {x: - 1] a—(ax—8)2x Cor_rec’g Cor_rec’E Corre:rt solution
A = — derivative. derivative plus with correct
{x‘ - ]'.] one of the two derivative.
dy equations
Atx=3, 3,0 = 8a-(a-8)yx6=0 relating o and b.
—10a+6b6=0
Sa=73b

MCEA Level 3 Calculus (91578) 2017 — page 2 of 6

The curve passes through (3,1)

la-b
=1= 4

8=3a-b

24 =0a-3b
=9a-3a

=4daq

Sa=6 and &=10

2017 Question 2b.

{b) Piw)=9In{w+125)-16w—-12 Correct zolution
dP 05 with correct
.= -—16 derivative
dw w+1325 :

Maximum when £=ﬂ
d—w
06
w+125
96 = 16(w+1_'2.5}
76 =16w
w=47T5

—-la=0




2017 Question 2d.

{d) I _f4 R : Correct Correct
d" = [4 I-j - fﬂ] expression for solution with

=16—8x+x"+x dd dl&*) cofrect
. — o ——— derivative.
=16—-Tx+zx* dx dx

d(d)

Minimum diztance = =0

MCEA Level 3 Calculus (91578) 2017 — page 4 of 6

Alternative: d=(x"-Tx+ 16};-

dd 1, . =
E=E[x —7x+16)7 (2x-7)
2x-=7
Iy —Tx+186

Minimum when dd =0
dx
2x=-T7=0
eto




2017 Question 2e.

= a(x-k) -2]
Fra=0= 4{x—k)-2=0
4(x-k) =2

(x—&) —5

(x— k)= :fr
T

(=) Area = 2anrE — if Correct Correct solution
. derivative. presented in a
Alx)= Exlir: - x‘}z correct
: l mathematical
-, 1, . - mann
A=2(r =2 f +2x(r -2 )7 (-22) =
= = 2%
=W —x - ‘x -
-._.Jr‘ —-x
= x
A =0=r-x =——
;r‘ —-x°
r-x=x
2x* =r*
2 F
xX'=—
2
r
X=
vz
2016 Question 1e.
() )= e—(:—.l.-f Correct f'(x) Correct F"(x) Correct solutions
. with correct
Fi=-2(x—k)et™¥ F'(x) and
Fr=—2e 14 (x—gf et 7@




2016 Question 2e.

(e) 1 . Correct Correct solution.
Vol= 3 A expression for
h=6+s av
sTrt =6 ds
rr=36-—5"
2V =La(36-5)(6+5)
3
1 .
=§r|:[_216+353—5.s" -5
&V _1(36-125-357)
ds 3
Max volume when v =0
5
= 357 +125-36=0
F+45-12=0
{3 +6][s— 2}= o
s=—6 or 3=2
5=2
2016 Question 3c.
() Area= A(x)= x{x— 6]1 Correct Correct solution
- expreszion for for maximum
. =x"—12x"+ 36x A’fx} area with
A'(x)=3x"-24x+36 ' cotrect
Max when A'(x)=0 derivative.
3(x"-8x+12)=0
3-{3:— 6](1—2}=0
Max when x=2
Max Area= 2x16=32
2015 Question 1c.
(c) . 2 Correct Correct
flx)=8- (x+1) derivative. solution
5 with
Ffilx)=0=8= . correct
(x+ l:l‘ derivative.
(x+1) = 1
4

Eiiherx+l:=—£orx+l{_—l
2 2

-1 =3
Xx—orx<—
2




2015 Question 3b.

(&) , ey 3e™ Correct
fix)= B solution with
{E’ ] correct
1-3x derivative.
E!r
. 1
fix)=0=x=-=
3
2015 Question 3e.
(e) L Differentiate Correct
7 m corretedly d_v,
related but da
¥ incofrrect
expression for
w.
cosA= 2
I
2
f= cosA
sind = e
5-fF
w={(5— flsinA
2
_ (5 - _]ma
cosA
=5sinA—2tanAd
E =5cosA—2zec’ A
dA
dw -
—=0=5cosA-2sec" A=0
dA
SeosfA—2=0
- 2
P
5
A=425" Coarrect
w=1535m zolution.




2014 Question 1le.

(e)

B+t =400
h=+a00—

F= %m‘:hz %nr‘lw.l'tﬂm—r:‘
5

9 =3mwmu— ET b

dr 3 3 2

s

ﬁ ~ im'{-ﬂiﬂ—r:}— ;nr-‘

dr V400 -’
v
At maximum voluwme: d— =)
di
2(400-r")= ¢

3 =800
r=163cm

(400-+7)

=2r

Correct
derivative for
an incorrect but
relevant

expreszion for
¥

A correct
solution.

Units not

MCEA Level 3 Caleulus {91573) 2014 — page 2 of T

F=3215 cm’

Alternative working:
r =400k

V= %ur:,ﬁ:%n{dﬂﬂ—ﬁf)h

o _ g
_3{4011;: ;:]
dF = 1
-Eh-zg{amu—s.ﬁ )
d¥
Al maximum, —=0
di
400-3h" =0
X =ﬂ
3

h=20=11.547 em
N

F=3225em"




2014 Question 2d.

(d) 1000000 Correct value A correct
C=dv+ for v with solution.
correct
"E =4- 1000000 derivative. Uhits not
dv v required.
Min E —0
dv
v =250000
v =300
C=45500+ 22090 _ 4000
2014 Question 3b.
(b) _. 32 A correct
y=x= ? solution.
d-_}"' =1- ‘E
dx X
. . dy
Stationary points when Ix =0
= ¥ =p4
x=4
2014 Question 3c.
(<) f(x)=3x- xInx A correct A correct
expression for | solution.
f {X} =5- Inx- i( the derivative.
=4-Inx
Increasing= f (x>0
4-Inx=0
Inx=4
x=ze'
x=316

But if 2 =0 then Inxis not defined. so 0= x<34.6




2014 Question 3e.

(&) | h=40-2r
V=mr'h

=’ (40-2r)
=40nr’ - 2mr*

F ¥
d— =80mr —Gmr”
dr

"-E =0 = 80nr = 6rr’ =0
2nr(40-3r)=0

r"—-ﬂuﬂ]
3

Correct A correct
derivative for EXpression
an incorrect but dv
relevant =
expression for for dr

V.

A correct
solution.

Units not

2013 Question 1c.

= _zxeﬁ—x‘

(e

R

L —Eeﬁ_rﬂ + -1;1:2»3'5_1-2

|:

dxi
Point of inflection when
(4x?-2)e =0

4x’-2=0

1
-+
TR

Correct

Correct solution
with correct first
and second
derivatives.

+ not required,
accept positive

answer only.




2013 Question 1le.

(e)

20=2mr" +2ark
2nr(r+ k) =20
10

h=——r
Tr

7 [ 10
V=1Ir2,‘:=mr‘-[——r]

wnr

V=107 — -’

& o 0-3m?
dr

E='I]I = r=1’E or r=103m
dr in

OR 20=rr" +2nrk

V=10r——

Equation for Problem solved
volume in terms | including correct
of 1 variable derivative.
found, and

differentiated

correctly.

2013 Question 2c.

(€)

f)=1-F e
.

Fix)=0 =1-g't+k=0

F=et-1
Or k=-0632

Correct derivative.

Correct value for &
and correct
derivative.

2013 Question 2e.

(e)

A(6) = 643in 6+ 64sinBcos B
OR. 4(6)=64sin6 +32sin 26
A'(6) =64cos8 +64cos” 6 —64sin’ 6
OR 4'(8)=64cos8 +64cos26
=64c0s0 +64cos’ 8 —64({1—cos* 0)
=64(2cos” 8+ cosf—1)
Minimum when A(8)=0
Jcos B+cos@—1=0
(2eos6—1)(cos6+1)=0

1
Orecozf = > of coz@=—-1{N0O)

9=60"or@=—
3

Correct solotion
with correct
derivatives.

Correct derivative.




2013 Question 3b.

(&)

f’{x}=l—lﬁ[x—2_]_z

Turning point when f{x)=0
16

1=
(x-2)

(x=2) =16

x=—2or x=0

Correct zsolution
with correct
derivative.

2013 Question 3c.

(€

f’{x}=5ﬂ—[3ﬂhh+3ﬂx~l}
X

=20-301n2x
Maximum when (x)=0
20=30In2x

2
—=Inlx
3

(PR ]

2

—=00974
2

r=

Correct derivative.

Correct zolution
with correct
derivative.
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