«Math tutor

The Product Rule

A special rule, the product rule, exists for differentiating products of two (or more) functions.
This unit illustrates this rule.

In order to master the techniques explained here it is vital that you undertake plenty of practice
exercises so that they become second nature.

After reading this text, and/or viewing the video tutorial on this topic, you should be able to:

e state the product rule

e differentiate products of functions
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1. Introduction

Sometimes we are given functions that are actually products of other functions. This means,
two functions multiplied together. So, an example would be

y = x* cos 3x

So here we have one function, 2, multiplied by a second function, cos 3.
Notice that we can write this as y = uv where u = 2% and v = cos 3x.

There is a formula we can use to differentiate a product - it is called the product rule. In this
unit we will state and use this rule.

2. The product rule

The rule states:

t% Key Point

The product rule: if y = uv then

So, when we have a product to differentiate we can use this formula.
Example:
Suppose we want to differentiate y = 2% cos 3x.

We identify u as 2% and v as cos 3z.
u = x? vV = Cos 3T

We now write down the derivatives of each of these functions.

j—z =2z and j—; = —3sin3x
We now put all these results into the given formula:

dy dv du

& - a

= 2° x (—3sin3x) + cos3z x 2w

This can be tidied up, and common factors should be identified. Notice that in both terms there
is a factor of x. This common factor is brought out in front of a bracket. So, finally
dy
o
We have finished, and obtained the derivative of the product in a nice, tidy, factorised form.

x(—3xsin 3z + 2 cos 3x)

mathtutor project: 2
July 14, 2004



Example

Suppose we want to differentiate y = 23(4 — z)'/2.

Identify u as % and v as (4 — 2)/2,
u =2z v:(4—:c)1/2
Differentiating
du dv 1
— = 327 d — =—1-=(4—2x)"?
dx ’ o dx 2( z)

To obtain the derivative of v we have used the rule for differentiating a function of a function
(see the unit on the Chain Rule).

Recall from our formula that if y = uv then dy = ud—v + v%. So

dx dx dx
dy =27 —1(4 —2) V2 (4 —x)Y? . 322
dx 2
Again, this should be tidied up. Let us look at how we might simplify it. Remember that

(4 — l‘) 1/2 is the same as 7(4 11)1/2 . SO
dy x3 1/2 9
e 2[d—a)n 196)1/2+(4—90) -3z

We now put everything over a common denominator. To do this, multiply the second term, top
and bottom, by 2(4 — x)/2:

dy z3 +(4—x)1/2-3x2 2(4 — x)1/?
de — 2(4 — )12 1 2(4 — x)1/?
=P 46274 —x)
B 2(4 — x)1/2
(24— Ta)
o 2(4 —x)1/2

Again, note that the solution is presented in a nice, tidy form so that if we need to work with
it somewhere else we can.
Example

Suppose we want to differentiate y = (1 — 2°)e®®.

We let u =1 — 2% and v = e**. We now write down the derivatives.

du dv

— = _3 2 d —~ —9 2x
dzx ‘ o dzx ¢

We now put all these results into the given formula:

dy _ v, du
de  dw dx
= (1 —2%) x 2e* +e* x (—327)

= ™(2 — 3% — 22%)

We have finished, and obtained the derivative of the product in a nice, tidy, factorised form.
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Exercises

1. Find the derivative of each of the following:

a) xtanw b) a?e® ¢) be 2sin3x d) 3x/?cos2x

e) 22%(1+2)° f) 272(1+2H)Y? g) ze"sinx h)  72%2e™ cos 2z
Answers
1. a) wsec’zw+ tanx b) z(2—=x)e "
3
c) 5e**(3cos3xr —2sin3zx) d) éx_l/Q(cos 2x — 4z sin 2x)

e) 22°(1+2)*(6+ 11x) f)  —a73((1 + 22)7V23(2 + 2?)

7
—x1/2674”3(3 cos 2x — 8z cos 2x — 4xsin x)

g) €e°[(14+z)sinx +cosz]  h) 5
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